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Higher-order-in-spin interaction Hamiltonians for binary black holes from source
terms of Kerr geometry in approximate ADM coordinates
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The Kerr metric outside the ergosphere is transformed into Arnowitt-Deser-Misner coordinates
up to the orders 1/r4 and a2, respectively in radial coordinate r and reduced angular momentum
variable a, starting from the Kerr solution in quasi-isotropic as well as harmonic coordinates. The
distributional source terms for the approximate solution are calculated. To leading order in linear
momenta, higher-order-in-spin interaction Hamiltonians for black-hole binaries are derived.
PACS numbers: 04.25.-g, 04.25.Nx
I. INTRODUCTION
The motion of binary compact objects with proper rotations is an important topic in general relativity. Very likely,
the first detection of gravitational waves will originate from those sources. Recent achievements of the numerical
relativity community in the simulation of merging spinning binary black holes demand deeper analytic work in the
treatment of the motion of binary black holes to compare with and hopefully to support the obtained results, [1–3].
In the analytic treatment of the motion of compact binaries with point-like components the Arnowitt-Deser-Misner
(ADM) canonical formalism has proved very efficient, [4, 5]; also see [6]. It is thus highly desirable to generalize
that formalism to spinning compact binaries. The aim of this paper is to transfer information from spinning black
holes at rest, i.e. from Kerr black holes [7], onto the dynamics of binary black holes with spin. For reaching this
goal, at first the Kerr metric is approximately transformed into coordinates which are crucial for the ADM canonical
formalism. Then the source terms connected with this form of the metric are computed. Finally, new terms for the
binary interaction Hamiltonian are constructed.
The paper heavily relies on the diploma thesis by one of the authors, [8]. In the paper, the theory of generalized
functions is extensively used, [9]. Throughout the paper, the speed of light c and the Newtonian gravitational constant
G are put equal to 1. Greek indices will run through 0,1,2,3; Latin indices through 1,2,3. The signature of the metric
is +2.
II. (3+1)-SPLITTING AND ADM FORMALISM
In this section the ADM formalism is presented as much as it is needed for the purpose of our paper, [10].
The (3 + 1)-decomposition [11] of a spacetime manifold gives rise to the following line element:
ds2 = (NiN
i −N2)dt2 + 2Nidxi dt+ γijdxi dxj = −N2dt2 + γij(dxi +N idt) (dxj +N jdt) , (1)
where N is the lapse function, N i (Ni = γijN
j) the shift vector, and γij the 3-metric of the x
0 = t = const. spacelike
hypersurfaces. The following relations between these quantities and the metric tensor hold,
gµν =
(−N2 +NiN i Ni
Nj γij
)
, (2)
gµν =
(−1/N2 N i/N2
N j/N2 γij − NiNjN2
)
(3)
with γij being the inverse metric of γij , γ
ikγkj = δij .
The metric tensor (2) admits a gauge transformation via a diffeomorphism f resulting in a transformation formula
gNµν(x) := g
O
αβ(f(x))
∂fα
∂xµ
∂fβ
∂xν
, (4)
2{fα} being the old coordinates depending on the new ones {xµ}.
The projections of the energy-momentum tensor Tµν related with the (3 + 1)-slicing of spacetime read, see, e.g.,
[12]
E ≡ nµnνTµν = N2T 00 , (5)
Si ≡ −⊥µi nνTµν = −
1
N
(
T0i − TijN j
)
= NT 0i , (6)
Sij ≡ ⊥µi ⊥νjTµν = Tij , (7)
where nµ = (−N, 0, 0, 0) is the unit vector orthogonal to the t = const. slices and ⊥µi = δµi denotes the projection
tensor onto these slices. The source terms in the ADM formalism read [10],
E∗ ≡ √γE = N√−gT 00 , (8)
S∗i ≡ √γSi = γij√−gT 0j , (9)
S∗ij ≡ 1
2
N
√
γSij =
1
2
γkiγlj
√−gTkl (10)
and appear in the field equations as follows,
− 1√
γ
(
πijπij − 1
2
π2
)
+
√
γR(3) = 16πE
∗ (energy constraint equation) , (11)
− πik; k = 8πS∗i (momentum constraint equations) , (12)
∂tγij = −2Nγ−1/2(πij − 1
2
πγij) +Ni;j +Nj;i (evolution equations) , (13)
∂tπ
ij = −N√γ ((3)Rij − 1
2
γij R(3)) +
1
2
Nγ−1/2γij(πmnπmn − 1
2
π2)− 2Nγ−1/2(πimπ jm −
1
2
ππij)
+
√
γ(N ;ij − γijN ;m;m) + (πijNm);m −N i;mπmj −N j;mπmi + 16πS∗ij (evolution equations) ,
(14)
where πijtrue with
16ππijtrue ≡ πij =
√−g (Γ0pq − γpqΓ0rsγrs) γipγjq (15)
is the canonical momentum density of the gravitational field, π = γijπ
ij and “;” denotes the 3-dimensional covariant
derivative.
The ADM Hamiltonian results from
HADM =
1
16π
∮
∞
d2si(γij, j − γjj, i) (16)
after insertion of a solution of the constraint equations subjected to appropriate coordinate conditions.
A. ADMTT coordinates
To get a unique solution of the constraint and evolution equations the coordinates have to be fixed by a gauging
process. The ADM transverse traceless (ADMTT) gauge refers to generalized isotropic coordinates defined by the
conditions [10]
γij =
(
1 +
1
8
φ
)4
δij + h
TT
ij , π
ii = 0 (17)
3with hTTij being transversal and tracefree (h
TT
ij,j = 0 , h
TT
ii = 0). The TT-part of a (symmetric) tensor of rank two can
be achieved by application of the TT-projection operator δTTklij defined by
δTTklij :=
1
2
[
(δil −∆−1∂i∂l)(δjk −∆−1∂j∂k) + (δik −∆−1∂i∂k)(δjl −∆−1∂j∂l)
−(δkl −∆−1∂k∂l)(δij −∆−1∂i∂j)
]
.
(18)
B. The conformal flatness condition
Under the conformal flatness condition (CFC) for the 3-metric γij ,
γCFCij = ψ
4δij , ψ = 1 +
1
8
φ , (19)
which on account of πii = 0 results in π = 0 (maximal slicing), the equations for ψ N , and N i read, see, e.g. [12],
∆ψ =− 2π
(
ψ−1E∗ + ψ−7
KˆijKˆ
ij
16π
)
, (20)
∆(Nψ) =2πN
[
ψ−1(E∗ + 2S∗) + ψ−7
7KˆijKˆ
ij
16π
]
, (21)
∆N i =16πNψ−2S∗i + 2Kˆij∂j
(
N
ψ6
)
− 1
3
∂i∂kN
k , (22)
where S∗ ≡ √γγijSij and where Kˆij is defined by
Kˆij =
1
2N
(
∂iN
j + ∂jN
i − 2
3
δij∂kN
k
)
, (23)
(notice here: KˆijKˆ
ij = πijπ
ij).
C. CFC+ approximation
In regard to our Kerr metric calculations, the CFC metric will be generalized to the leading order deviation (LO)
term from isotropy, [12]
γCFC+ij = ψ
4δij + h
LO
ij . (24)
In the ADMTT gauge hLOij turns out to be the leading order part of h
TT
ij . This h
TT
ij is a solution of the tensor
Poisson equation
∆hTTij = δ
TTkl
ij Fkl , (25)
where the source Fkl is given by
Fkl = −4U, kU, l − 16πS
∗
kS
∗
l
E∗
(26)
with U being the “Newtonian” potential which is a solution of the Poisson equation
∆U = −4πE∗. (27)
Considering the CFC equations above for N , ψ, and N i only the equation for the lapse function has to be modified:
∆(Nψ) = [∆(Nψ)]hTT
ij
=0 − δikδjlhTTij U, kl. (28)
However, this term will turn out be to neglectible for the Kerr metric in our approximation.
4III. APPROXIMATE ADM COORDINATES FOR KERR METRIC
A. Transformation from quasi-isotropic to ADMTT coordinates
We start with the line element in quasi-isotropic coordinates [13, 14]
ds2 = −N2dt2 + ψ4
[
e2µ/3(dr˜2 + r˜2dθ2) + r˜2 sin2 θ e−4µ/3(dφ+Nφdt)2
]
(29)
with
N2 =
ρ2∆
(r2 + a2)2 −∆a2 sin2 θ , (30)
Nφ = −a r
2 + a2 −∆
(r2 + a2)2 −∆a2 sin2 θ , (31)
ψ4 =
ρ2/3
(
(r2 + a2)2 −∆a2 sin2 θ)1/3
r˜2
, (32)
e2µ =
ρ4
(r2 + a2)2 −∆a2 sin2 θ (33)
and
ρ2 = r2 + a2 cos2 θ, ∆ = r2 − 2mr + a2 , (34)
r = r˜
(
1 +
m+ a
2r˜
)(
1 +
m− a
2r˜
)
(35)
with (r, θ, φ) denoting the usual Boyer-Lindquist coordinates. Notice that in the limit a → 0 we get back the
Schwarzschild metric in spatial isotropic coordinates
ds2 = −
(
1− m2r˜
1 + m2r˜
)2
dt2 +
(
1 +
m
2r˜
)4
(dr˜2 + r˜2dθ2 + r˜2 sin2 θdφ2) . (36)
We write the 3-dimensional part of the line element (29), dl2 = γijdx
idxj , in cartesian coordinates via the trans-
formation
(r˜, θ, φ) =
(√
x2 + y2 + z2, arccos
z
r˜
, arctan
y
x
)
, xsphere = (r˜, θ, φ) (37)
which results in
dl2 =
(ρ
r˜
)2 [x2 + y2e−2µ
x2 + y2
dx2 +
x2e−2µ + y2
x2 + y2
dy2 + dz2 +
2xy
x2 + y2
(
1− e−2µ) dxdy] (38)
and make a series expansion of (38) in powers of r˜ =
√
x2 + y2 + z2 with the replacement of r˜ by r up to the orders
1/r4 and a2. The reason for stopping at these orders is the following: The expansion in 1r corresponds to an expansion
in powers of 1c2 with
1
r ∼ 1c2 and is clearly nothing else than a post-Newtonian expansion. Notice that it is also possible
to count in terms of m ∼ 1c2 and a ∼ 1c2 instead of 1/r using m = GMc2 (M is the mass in SI-units) and a = SMc
where the well-known spin S = Mca has been introduced which for rapidly rotating black holes is of the order 1/c.
So an expansion up to the 4th order in 1/r will suffice to get some of the desired next-to-leading-order (self-) spin
interaction Hamiltonians for a binary black hole system,
dl2 =
((
1 +
m
2r
)4
+
a2
2r2
− ma
2
2r3
− m
2a2
8r4
− a
2x2
r4
+
2a2my2
r5
− 2a
2m2y2
r6
)
dx2
+
((
1 +
m
2r
)4
+
a2
2r2
− ma
2
2r3
− m
2a2
8r4
− a
2y2
r4
+
2a2mx2
r5
− 2a
2m2x2
r6
)
dy2
+
((
1 +
m
2r
)4
− a
2
2r2
+
a2z2
r4
− ma
2
2r3
− m
2a2
8r4
)
dz2
+ 2
(
−xya
2
r4
− 2a
2mxy
r5
+
2a2m2xy
r6
)
dxdy.
(39)
5We will now put this line element into an invariant form with respect to the direction of the spin. For that we
define
a =
00
a
 , a = (ai) = (ai) =⇒ ez ≡ a
a
, z =
a·x
a
=
ra·n
a
, n = (ni) = (ni) (40)
and use the following relation
x2dy2 + y2dx2 − 2xy dxdy = (ez ·(x× dx))2
=
1
a2
ǫijkǫlpq a
ixjalxp dxkdxq
=
1
a2
(
a2r2 dx2 + 2(a·x)(a·dx)(x·dx)− (a·x)2dx2
− r2(a·dx)2 − a2(x·dx)2
)
(41)
with
ǫijkǫlpq = 3! δ
[ijk]
[lpq] = δ
i
lδ
j
pδ
k
q + δ
i
qδ
j
l δ
k
p + δ
i
pδ
j
qδ
k
l − δipδjl δkq − δiqδjpδkl − δilδjqδkp , (42)
where ǫijk is the completely antisymmetric Levi-Civita tensor. Then we find
γij = γ
(s)
ij + γ
(2)
ij + γ
(3)
ij + γ
(4)
ij , (43)
where
γ
(s)
ij =
(
1 +
m
2r
)4
δij , (44)
γ
(2)
ij =
1
2
a2
r2
δij − a
2ninj
r2
− aiaj
r2
+
2(a·n)a(inj)
r2
, (45)
γ
(3)
ij =
(
3
2
ma2
r3
− 2m(a·n)
2
r3
)
δij − 2ma
2ninj
r3
− 2maiaj
r3
+
4m(a·n)a(inj)
r3
, (46)
γ
(4)
ij =
(
−17
8
m2a2
r4
+
2m2(a·n)2
r4
)
δij +
2m2a2ninj
r4
+
2m2aiaj
r4
− 4m
2(a·n)a(inj)
r4
. (47)
The index (s) indicates the exact static limit. The transformation of this metric to ADMTT coordinates up to
the orders 1/r4 and a2 will be achieved by means of the transformation formula (A5) (the index qiso stands for
quasi-isotropic)
γADMij = γ
qiso
ij + γ
qiso
ik ξ
k
, j + γ
qiso
jk ξ
k
, i + γ
qiso
ij, k ξ
k (48)
with vector
ξk = −1
4
a2nk
r
+
1
2
(a·n)ak
r
− 7
16
m2a2nk
r3
+
7
4
m2(a·n)2nk
r3
. (49)
This leads to
γADMij =
((
1 +
m
2r
)4
+
ma2 − 3m(a·n)2
r3
+
1
2
m2a2
r4
− 3m
2(a·n)2
r4
)
δij + h
TT
ij +O
(
a2,
1
r5
)
(50)
with
hTTij = −
7
2
m2a2
r4
δij + 7
m2(a·n)2
r4
δij + 7
m2a2ninj
r4
− 21m
2(a·n)2ninj
r4
+
7
2
m2aiaj
r4
. (51)
The property of leading order hTTij of being quadratic in ai is nicely consistent with [15]. In terms of a post-Newtonian
expansion, we would call hTTij being of 4th post-Newtonian order, 1/c
8.
6Now the calculations of the lapse and shift functions and the field momentum density are going to be performed. The
part of the line element which contains the lapse and shift functions reads (29),
ds2 − γqisoij dxidxj =
((ρ
r˜
)2
r˜2 sin2 θ e−2µ(Nφ)2 −N2
)
dt2 + 2
(ρ
r˜
)2
r˜2 sin2 θ e−2µNφdφdt
=
(
NiN
i −N2) dt2 + 2Nidxidt . (52)
Using
dφ =
1
r˜2 sin2 θ
a
a
·(x× dx) = 1
ar˜2 sin2 θ
ǫijka
ixjdxk , (53)
the shift vector in quasi-isotropic coordinates is obtained in the form
Nqisoi =
(ρ
r˜
)2 e−2µ
a
Nφǫijkajxk
=
(
−2m
r˜2
+
2m
r˜3
− 1
2
(3m3 +ma2)
r˜4
+
2m(a·n)2
r˜4
)
ǫijka
jnk
(54)
together with the lapse function
Nqiso =
√
Nqisoi N
i
qiso − gqiso00
= 1− m
r˜
+
1
2
m2
r˜2
− 1
4
(m3 +ma2)
r˜3
+
m(a·n)2
r˜3
+
1
8
m4
r˜4
+
9
4
m2a2
r˜4
− 4m
2(a·n)2
r˜4
.
(55)
The ADM form of the shift function is obtained with the help of the transformation with the vector ξk taken from
(49)
gADM0i = g
qiso
0i + g
qiso
k0 ξ
k
, i + g
qiso
0i, k ξ
k. (56)
The result reads, again substituting r for r˜,
gADM0i = N
ADM
i =
(
−2m
r2
+
2m2
r3
− 3
2
m3
r4
+
5m(a·n)2 −ma2
r4
)
ǫijka
jnk (57)
or
N iADM =
(
−2m
r2
+
6m2
r3
− 21
2
m3
r4
+
5m(a·n)2 −ma2
r4
)
ǫijkajnk, (58)
where use has been made of
γijADM =
(
1− 2m
r
+
5
2
m2
r2
)
δij +O
(
1
r3
)
. (59)
Next we determine the lapse function in ADM coordinates by means of the very easy formula (A3):
gADM00 = g
qiso
00 + g
qiso
00, k ξ
k (60)
with
gqiso00 = −1 +
2m
r
− 2m
2
r2
+
3
2
m3
r3
+
1
2
ma2
r3
− 2m(a·n)
2
r3
− m
4
r4
+
6m2(a·n)2 −m2a2
r4
, (61)
resulting in
NADM = 1− m
r
+
1
2
m2
r2
− 1
4
m3
r3
+
1
8
m4
r4
+
1
2
(3m(a·n)2 −ma2)
r3
+
1
2
(5m2a2 − 9m2(a·n)2)
r4
. (62)
7Hereof we calculate
√−g = N√γ = 1 + 2m
r
+
5
4
m2
r2
+O
(
1
r3
)
(63)
and
g00 = − 1
N2
= −1− 2m
r
− 2m
2
r2
− 3
2
m3
r3
− m
4
r4
+
3m(a·n)2 −ma2
r3
+
2m2a2
r4
. (64)
Finally, we calculate πij via
πij =
√−g (γipγjq − γijγpq)Γ0pq (65)
with
Γ0pq =
(
−6m
r3
− 3
2
m3
r5
+
35m(a·n)2 − 5ma2
r5
)
ǫkl(pnq)a
knl − 10m(a·n)
r5
ǫkl(paq)a
knl (66)
giving us the result
πij =
(
−6m
r3
+
12m2
r4
− 15m
3
r5
+
35m(a·n)2 − 5ma2
r5
)
ǫkl(inj)aknl − 10m(a·n)
r5
ǫkl(iaj)aknl . (67)
We easily see that the gauge condition on πii is already satisfied in this order so there is no need to force ξ0 to be
unequal to zero.
B. Transformation from harmonic to ADMTT coordinates
First we need the Kerr-metric in harmonic coordinates at least up to the desired order. To achieve this goal let us
start with Boyer-Lindquist coordinates [16]
ds2 = −∆
ρ2
[
dt− a sin2 θ dφ]2 + sin2 θ
ρ2
[
(r2 + a2)dφ− a dt]2 + ρ2
∆
dr2 + ρ2 dθ2 (68)
with
∆ ≡ r2 − 2mr + a2 and ρ2 ≡ r2 + a2 cos2 θ .
Rewritten, the line element reads
ds2 =
a2 sin2 θB −∆
ρ2
dt2B +
2 sin2 θB
ρ2
(
∆a− a(r2B + a2)
)
dφB dtB
+
ρ2
∆
dr2B + ρ
2dθ2B +
sin2 θB
ρ2
[
(r2B + a
2)−∆a2 sin2 θB
]
dφ2B
(69)
with (tB , rB , θB, φB) labeling the Boyer-Lindquist coordinates .
The harmonic coordinates condition xνH = DµD
µxνH = 0 (label H for harmonic) gives rise to the equations [14, 17]:
tH = tB , (70)
and
xH + iyH = (rB −m+ ia)eiφ sin θB (71)
φ = φB +
a
r+ − r− ln
∣∣∣∣rB − r+rB − r−
∣∣∣∣ (be aware φ 6= φH), (72)
8where
r± = m±
√
m2 − a2 (73)
r2H = x
2
H + y
2
H + z
2
H = (rB −m)2 + a2 sin2 θB with (74)
z2H = r
2
H cos
2
H = (rB −m)2 cos2 θB . (75)
These equations are solved perturbatively so that we get the Boyer-Lindquist coordinates depending on the harmonic
ones,
rB = rH +m− a
2 sin2 θH
2rH
+
a4 (3 + 5 cos(2θH)) sin
2 θH
16r3H
+O
(
a6,
1
r5H
)
, (76)
θB = θH − a
2 sin θH cos θH
2r2H
+
3a4 sin θH cos θH cos(2θH)
8r4H
+O
(
a6,
1
r6H
)
, (77)
φB = φH +
am2
3r3H
+O
(
a5,
1
r5H
)
. (78)
The line element in harmonic coordinates then reads
ds2 = g00 dt
2 + 2g0φdt dφ+ dl
2
a + dl
2
a2 , from here on: (rH , θH , φH) ≡ (r, θ, φ) (79)
with the expressions
g00 = −1 + 2m
r
− 2m
2
r2
− ma
2 − 4m3 + 3a2m cos(2θ)
2r3
+
2m2a2 − 2m4 + 4m2a2 cos(2θ)
r4
, (80)
g0φ = −2am sin
2 θ
r
+
2am2 sin2 θ
r2
+
am sin2 θ (3a2 − 4m2 + 5a2 cos(2θ))
2r3
− am
2 sin2 θ (3a2 − 2m2 + 5a2 cos(2θ))
r4
, (81)
dl2a =
(
1 +
2m
r
+
2m2
r2
+
2m3
r3
+
2m4
r4
)
dr2+(r+m)2dθ2+(r+m)2 sin2 θ dφ2− 2am
2 sin2 θ
r2
(
1 +
2m
r
)
dr dφ , (82)
dl2a2 =
(
a2m
r3
(3 sin2 θ − 2)− a
2m2
2r4
(1 + 3 cos(2θ))
)
dr2 − a
2m
r
(
1 + 3 cos(2θ)
2
+
m cos(2θ)
r
)
dθ2
+
a2m
2r
sin2 θ
(
−(1 + 3 cos(2θ)) + m(cos(2θ)− 3)
r
)
dφ2 − 2m
2a2 sin(2θ)
2r3
dr dθ .
(83)
dl2a and dl
2
a2 are the pure spatial parts of the line element, linear and quadratic in a respectively. Now the harmonic
3-metric γij = γ
(a)
ij + γ
(a2)
ij related respectively to dl
2
a and dl
2
a2 will be calculated.
The transformation formula of the metric tensor gives for γ
(a)
ij the result
γ
(a)
ij =
(
1 +
2m
r
+
m2
r2
)
δij +
(
m2
r2
+
2m3
r3
+
2m4
r4
)
ninj −
(
2m2
r3
+
4m3
r4
)
ǫkl(inj)a
knl , (84)
and for γ
(a2)
ij :
γ
(a2)
ij =
(
ma2 − 3m (a·n)2
r3
+
m2 (a·n)2 − 2m2a2
r4
)
δij −
4m2 (a·n) a(inj)
r4
+
3m2aiaj
r4
+
3m2a2ninj
r4
− 3m
2 (a·n)2 ninj
r4
.
(85)
From the g0φ part we get the shift vector in the harmonic gauge
NHi =
(
−2m
r2
+
2m2
r3
− 2m
3
r4
+
5m (a·n)2 −ma2
r4
)
ǫijka
jnk . (86)
9The lapse function in harmonic coordinates turns out to be
NH = 1− m
r
+
m2
2r2
− m
3
2r3
+
3m4
8r4
+
−a2m+ 3m (a·n)2
2r3
+
5a2m2 − 9m2 (a·n)2
2r4
. (87)
The 3-metric will be brought into ADM-form by means of the transformation formula (A5):
γADMij = γij + γij, k ξ
k + γki ξ
k
, j + γkj ξ
k
, j + γkl ξ
k
, i ξ
l
, j (88)
with vector
ξi =
1
4
m2
r
ni − 1
3
m2
r2
ǫkliaknl − 1
2
m2
r3
a2ni +
1
4
m2(a·n)ai
r3
+
3
2
m2
r3
(a·n)2ni . (89)
The transformation of gH00 is provided by the formula (A3):
gADM00 = g
H
00 + g
H
00, iξ
i (90)
with
gH00 = −1 +
2m
r
− 2m
2
r2
+
2m3
r3
− 2m
4
r4
+
ma2 − 3m(a·n)2
r3
+
8m2(a·n)2 − 2m2a2
r4
. (91)
This results in
gADM00 = −1 +
2m
r
− 2m
2
r2
+
3
2
m3
r3
+
ma2 − 3m(a·n)2
r3
− m
4
r4
+
8m2(a·n)2 − 2m2a2
r4
. (92)
The transformation of gADM0i is provided by the formula (A4):
gADM0i = g
H
0i + g
H
j0 ξ
j
, i + g
H
0i, j ξ
j (93)
which results in
gADM0i =
(
−2m
r2
+
2m2
r3
− 3
2
m3
r4
+
5m(a·n)2 −ma2
r4
)
ǫijka
jnk (94)
giving the same πij as above.
IV. SOURCE TERMS FOR KERR METRIC IN ADMTT COORDINATES
The source of the Hamiltonian constraint for a single Kerr black hole presented perturbatively in ADMTT coordi-
nates is given by
−∆φ =
[
1− 1
8
φ+
1
64
φ2 − 1
512
φ3
]
16πmδ(x) +
(
−1
2
+
1
16
φ
)
̂(a·∂)216πmδ(x) + (πij)2 +O( 1
r7
)
(95)
with ̂(a·∂)2 := âiaj∂i∂j = (a·∂)2− 13a2∆ being tracefree to get rid of the delta-function which appears by calculating
∂i∂j
1
r and end up with the quadrupole moment of a Kerr black hole (with the specific factor 1/2), which describes
its deformation. This source is sufficient to reproduce the isotropic part of γij . Notice that
(
πij
)2
is given by the
Bowen-York expression [18] and that φnδ(x) with n ∈ N \ {0} is regularized to zero for a single black hole but will
contribute for a binary system. From Eq. (95) we readily read off,
E∗ = m
(
1− 1
2
̂(a·∂)2
)
δ(x) . (96)
The source for momentum constraint can be calculated to give
πij, j =
1
4
ǫiklak∂l
(
1− 1
6
(̂a·∂)2
)
16πmδ(x) +
(
−1
2
+
1
16
φ
)
φ, jπ
ij +O
(
1
r7
)
(97)
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which can be checked by using the formula
πij = Θijk A
k πij, j = A
i (98)
with
Θijk :=
(
−1
2
δij∂k + δik∂j + δjk∂i − 1
2
∂i∂j∂k∆
−1
)
∆−1 . (99)
From the Eq. (97) we find the source expression
S∗i = −m
2
ǫkliak∂l
(
1− 1
6
̂(a·∂)2
)
δ(x) . (100)
The source for hTTij in the leading order comes by the Ricci equation Rij = 0 which reads, to leading order,
∆hTTij =
[
1
8
φ, i φ, j +N
k (Ni, jk +Nj, ik −Nk, ij)− 1
2
∆(NiNj)− 2N, ij
N
+
1
2
(φ, j N, i + φ, iN, j)
]TT
(101)
with
φ = −∆−1
[
16πm
(
1− 1
2
̂(a·∂)2
)
δ(x)
]
=
4m
r
+
2ma2 − 6m(a·n)2
r3
(102)
and
N = 1− 1
4
φ+
1
32
φ2 − 1
256
φ3 +
1
2048
φ4 +∆−1(πij)2 +O
(
1
r5
)
(103)
as well as
Ni = N
i = 16π∆−1S∗i = 16π∆−1
(
−1
2
mǫkliak∂lδ(x)
)
. (104)
Notice that our hTTij is also the result of the equation
∆hTTij = δ
TTkl
ij
(
7(3m2akal −m2a2δkl)
r6
)
= δTTklij
(
21m2akal
r6
)
, (105)
i.e. akal/r
6 is an irreducible part of a metric of the form (C1) to be TT-projected. This result implies that
the regularized source term in Eq. (26), reading E∗(S∗k/E
∗)(S∗l/E
∗), vanishes, i.e. [(S∗k/E
∗)(S∗l /E
∗)]reg =
[(S∗k/E
∗)]reg[(S
∗
l /E
∗)]reg = 0. Technically one may argue that in the regularization procedure one is allowed to
apply the “tweedling of products” by Infeld and Pleban´ski, [19], and to put to zero each term seperately. Such a
regularization property is particularly valid in dimensional regularization, [4]. On the other side, an expansion like
Eq. (26) would never be expected to represent highly nonlinear terms correctly. So the vanishing of the expression in
question is quite satisfying. The outcome of our considerations is the vanishing of S∗ij in the given approximation,
i.e.
S∗ij = 0 . (106)
A. Leading-order sources for the constraints for boosted Kerr
To obtain leading order source terms with non-vanishing linear momentum we substitute in the constraint equations
for point particles [5] pδ(x) by (p− 12ma×∇)δ(x) according to the a remark in [20] (in the following equation point-
particle expressions are denoted by the upper index (PP )):
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−∆φ = −∆φ(PP )
p=0 +
(
−1
2
+
5
16
φ
(PP )
p=0
)
p·(a×∇) 16πδ(x), (107)
πij, j = −8πpiδ(x) + 4πm (a×∇)i δ(x) (108)
[p = (pi) and (a×∇)i = ǫijkaj∂k = (a×∇)i]. Note that the term in Eq. (107) containing the factor 5/16 is already
needed at leading order because the integral for the Hamiltonian of the term with factor 1/2 vanishes; however, the
latter term contributes by iteration via linear momentum independent expressions.
For a boosted Kerr metric in ADMTT coordinates we can then state the following source expression, to linear order
in the momentum p and to 6th order in 1/r of the expansion of the unboosted Kerr metric, see Eqs. (95) and (97),
−∆φ =
[
1− 1
8
φ+
1
64
φ2 − 1
512
φ3
]
16πmδ(x) +
(
−1
2
+
1
16
φ
)
̂(a·∂)216πmδ(x) + (πij)2
+
(
−1
2
+
5
16
φ
)
p·(a×∇) 16πδ(x),
(109)
πij, j =
1
4
ǫiklak∂l
(
1− 1
6
(̂a·∂)2
)
16πmδ(x) +
(
−1
2
+
1
16
φ
)
φ, jπ
ij − 8πpiδ(x). (110)
Here we had to take into account that the substitution in the momentum constraint leads to no new information
regarding the spin because the expansion of the Kerr metric already gives us the correct linear-in-spin term which
has no direct connection with the linear momentum. This can be regarded as consistency check for our specific
substitution.
B. Source terms in the CFC reduced Kerr metric
It is straightforward to calculate the source terms in the Eqs. (20)-(22) from our known form of the Kerr metric.
The outcome reads
E∗ = m
(
1− 1
2
̂(a·∂)2
)
δ(x) , (111)
S∗ = 0 , (112)
and
S∗i = −m
2
ǫkliak∂l
(
1− 1
6
̂(a·∂)2
)
δ(x) . (113)
All source terms are in full agreement with our previous findings.
V. SPIN INTERACTION HAMILTONIANS
The Hamiltonian and momentum constraint equations for point masses are given in the form, see, e.g. [5]
γ−1/2
[
γR+
1
2
(
gijπ
ij
)− πijπij] = 16π∑
a
(
γijpaipaj +m
2
a
)1/2
δa , (114)
−πij; j = 8π
∑
a
γijpajδa. (115)
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The vectors xa = (x
i
a) ∈ R denote the position of the a-th point mass, also we define ra := x − xa, ra := |ra|,
na := ra/ra, and for a 6= b, rab := xa − xb. The linear momentum vector is denoted by pa = (pai) and the short-cut
δa has the meaning δ(x− xa). The ADM Hamiltonian takes the form
H
[
xa,pa, h
TT
ij , π
ij
TT
]
= − 1
16π
∫
d3x ∆φ
[
xa,pa, h
TT
ij , π
ij
TT
]
. (116)
A. Linear in G spin-spin interaction Hamiltonians
Our source for the Hamiltonian constraint is generalized to two black holes by superposition
−∆φI = 16π
(
1− 1
2
̂(a1 ·∂1)2
)
m1δ1 + 16π
(
1− 1
2
̂(a2 ·∂2)2
)
m2δ2 . (117)
From this expression the Hamiltonian results in the form
HI = − 1
16π
∫
∆φI d
3x = m1 +m2 (118)
being the rest-mass energy.
For next order Hamiltonian we must calculate φI
φI = 4
(
1− 1
2
̂(a1 ·∂1)2
)
m1
r1
+ 4
(
1− 1
2
̂(a2 ·∂2)2
)
m2
r2
. (119)
The next order source takes then the form
−∆φII1 =−
1
8
φI
[
16π
(
1− 1
2
̂(a1 ·∂1)2
)
m1δ1 + 16π
(
1− 1
2
̂(a1 ·∂2)2
)
m2δ2
]
=16π
(
−1
2
m1
r1
+
m1
4
̂(a1 ·∂1)2 1
r1
)
m2
(
1− 1
2
̂(a2 ·∂2)2
)
δ2
+ 16π
(
−1
2
m2
r2
+
m2
4
̂(a2 ·∂2)2 1
r2
)
m1
(
1− 1
2
̂(a1 ·∂1)2
)
δ1 ,
(120)
after Hadamard regularization which disposes of the self-terms like 1r1 δ1 and
1
r1
∂i∂jδ1.
Integration then gives
HII1 = −
1
16π
∫
∆φII1 d
3x = −m1m2
r12
+
1
2
m1m2 ̂(a2 ·∂2)2 1
r12
+
1
2
m1m2 ̂(a1 ·∂1)2 1
r12
− 1
4
m1m2 ̂(a1 ·∂1)2 ̂(a2 ·∂2)2 1
r12
= HN +HS2
1
+HS2
2
+HS2
1
S2
2
(121)
with
HN = −m1m2
r12
, (122)
HS2
1
+HS2
2
=
1
2
m1m2
r312
(
3 (a1 ·n12)2 + 3 (a2 ·n12)2 − a21 − a22
)
, (123)
HS2
1
S2
2
= −3
2
m1m2
r512
(
(a1 ·a2)2 + 1
2
a21a
2
2
)
+
15
4
m1m2
r512
(
a21 (a2 ·n12)2 + a22 (a1 ·n12)2
)
(124)
+
15m1m2 (a1 ·n12) (a2 ·n12)
r512
(
a1 ·a2 − 7
4
(a1 ·n12) (a2 ·n12)
)
.
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Now we come to the contribution of (πij)2 leading to some new Hamiltonians. The momentum of the binary system
in the leading order is given by linear superposition
(πij)2 = (πij1 )
2 + (πij2 )
2 + 2πij1 π
ij
2 (125)
with
πij1 = −m1ǫipl∂j1a1p∂1l
(
1− 1
6
̂(a1 ·∂1)2
)
1
r1
−m1ǫjpl∂i1a1p∂1l
(
1− 1
6
̂(a1 ·∂1)2
)
1
r1
, (126)
πij2 = π
ij
1 (1↔ 2) . (127)
The interaction terms will only appear in the object
2πij1 π
ij
2 = 4m1m2ǫ
ipla1p∂1l∂1j
(
1− 1
6
̂(a1 ·∂1)2
)
1
r1
ǫiqsa2q∂2s∂2j
(
1− 1
6
̂(a2 ·∂2)2
)
1
r2
+ 4m1m2ǫ
ipla1p∂1l∂1j
(
1− 1
6
̂(a1 ·∂1)2
)
1
r1
ǫjqsa2q∂2s∂2i
(
1− 1
6
̂(a2 ·∂2)2
)
1
r2
(128)
leading to a Hamiltonian
HII2 = −
1
16π
∫
∆φII2 d
3x
= −1
2
m1m2ǫ
ipla1p∂1l∂1j
(
1− 1
6
̂(a1 ·∂1)2
)
ǫiqsa2q∂2s∂2j
(
1− 1
6
̂(a2 ·∂2)2
)
r12
− 1
2
m1m2ǫ
ipla1p∂1l∂1j
(
1− 1
6
̂(a1 ·∂1)2
)
ǫjqsa2q∂2s∂2i
(
1− 1
6
̂(a2 ·∂2)2
)
r12
= −1
2
m1m2ǫ
ipla1p∂1l∂1j
(
1− 1
6
̂(a1 ·∂1)2
)
ǫiqsa2q∂2s∂2j
(
1− 1
6
̂(a2 ·∂2)2
)
r12
= HS1S2 +HS1S32 +HS2S31
(129)
(notice ∂1i = −∂2i).
We then get
HS1S2 = −
1
2
m1m2
(
a1 ·a2(∂1 ·∂2)2 − (a1 ·∂2)(a2 ·∂1)(∂1 ·∂2)
)
r12
= −m1m2a1 ·a2
r312
+ 3m1m2
(a1 ·n12)(a2 ·n12)
r312
,
(130)
HS1S32 =
1
12
m1m2
[
(a1 ·a2)(∂1 ·∂2)2 ̂(a2 ·∂2)2 − (a1 ·∂2)(a2 ·∂1)(∂1 ·∂2) ̂(a2 ·∂2)2
]
r12
= − 1
12
m1m2(a1 ·∂2)(a2 ·∂1)(∂1 ·∂2) ̂(a2 ·∂2)2r12
= m1m2
(
− 3
2
(a1 ·a2)a22
r512
+
15
2
(a2 ·n12)2(a1 ·a2)
r512
+
15
2
a22(a1 ·n12)(a2 ·n12)
r512
− 35
2
(a1 ·n12)(a2 ·n12)3
r512
)
= HS2S31 (1↔ 2) .
(131)
We sum up expressions
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HS2
1
+HS2
2
+HS1S2 =
1
2
m1m2
r312
(
3 (a1 ·n12)2 + 3 (a2 ·n12)2 − a21 − a22 + 2a1 ·a2 − 6 (a1 ·n12) (a2 ·n12)
)
, (132)
which is the same expression as in e.g., [20, 21]; also see [22, 23].
B. Linear in G and p spin-orbit interaction Hamiltonians
Taking the partly boosted sources for Hamiltonian and momentum constraint into consideration we will be able
to compute the spin-orbit Hamiltonian with some higher spin corrections. First we look at the binary source of the
Hamiltonian constraint
−∆φI = −∆φ(1)I −∆φ(2)I (133)
with
−∆φ(1)I := 16π
((
1− 1
2
̂(a1 ·∂1)2
)
m1 +
1
2
p1 ·(a1 × ∂1)
)
δ1 + 16π
((
1− 1
2
̂(a2 ·∂2)2
)
m2 +
1
2
p2 ·(a2 × ∂2)
)
δ2
(134)
−∆φ(2)I :=
(
πij
)2
. (135)
Integration over −∆φ(1)I will not contribute to spin-orbit-interaction, but −∆φ(2)I will. So we now have to solve the
momentum constraint.
πij, j = π
ij
1, j + π
ij
2, j (136)
with
πij1, j = −4πǫikla1k∂1l
(
1− 1
6
̂(a1 ·∂1)2
)
m1δ1 − 8πpi1δ1 = πij2, j(2↔ 1) (137)
which gives
πij1 = −m1ǫipl∂j1a1p∂1l
(
1− 1
6
̂(a1 ·∂1)2
)
1
r1
−m1ǫjpl∂i1a1p∂1l
(
1− 1
6
̂(a1 ·∂1)2
)
1
r1
+ p1k
(
δij∂1k
1
r1
− 2δik∂1j 1
r1
− 2δjk∂1i 1
r1
+
1
2
∂1i∂1j∂1kr1
)
= πij2 (2↔ 1)
(138)
resulting in an interaction contribution (indicated by ≃):
2πij1 π
ij
2 ≃ 2
[
−m1ǫipl∂j1a1p∂1l
(
1− 1
6
̂(a1 ·∂1)2
)
1
r1
p2k
(
−2δik∂2j 1
r2
− 2δjk∂2i 1
r2
+
1
2
∂2i∂2j∂2kr2
)
−m1ǫjpl∂i1a1p∂1l
(
1− 1
6
̂(a1 ·∂1)2
)
1
r1
p2k
(
−2δik∂2j 1
r2
− 2δjk∂2i 1
r2
+
1
2
∂2i∂2j∂2kr2
)
−m2ǫipl∂j2a2p∂2l
(
1− 1
6
̂(a2 ·∂2)2
)
1
r2
p1k
(
−2δik∂1j 1
r1
− 2δjk∂1i 1
r1
+
1
2
∂1i∂1j∂1kr1
)
−m2ǫjpl∂i2a2p∂2l
(
1− 1
6
̂(a2 ·∂2)2
)
1
r2
p1k
(
−2δik∂1j 1
r1
− 2δjk∂1i 1
r1
+
1
2
∂1i∂1j∂1kr1
)]
(139)
and leading to a spin-orbit Hamiltonian
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H
(a)
SO =
1
16π
∫
−∆φ(2)I d3x
=
1
16π
∫ (
πij
)2
d3x
≃ −m1ǫiplp2ia1p∂1 ·∂2∂1l
(
1− 1
6
̂(a1 ·∂1)2
)
r12 −m2ǫiplp1ia2p∂1 ·∂2∂2l
(
1− 1
6
̂(a2 ·∂2)2
)
r12
= − 2m1ǫiplp2ia1p
(
1− 1
6
̂(a1 ·∂1)2
)
n12l
r212
+ 2m2ǫ
iplp1ia2p
(
1− 1
6
̂(a2 ·∂2)2
)
n12l
r212
= S1 ·(n12 × p2)
(
− 2
r212
− a
2
1
r412
+
5(a1 ·n12)2
r412
)
+ S2 ·(n12 × p1)
(
2
r212
+
a22
r412
− 5(a2 ·n12)
2
r412
)
.
(140)
For some further contributions we calculate
φ
(1)
I = 4
[(
1− 1
2
̂(a1 ·∂1)2
)
m1
r1
+
1
2
p1(a1 × ∂1)
1
r1
]
+ 4
[(
1− 1
2
̂(a2 ·∂2)2
)
m2
r2
+
1
2
p2(a2 × ∂2)
1
r2
]
, (141)
which leads to the next order source to be integrated
−∆φII = 16π
[
−1
8
φ
(1)
I m1
(
1−
̂1
2
(a1 ·∂1)2
)
− 5
16
φ
(1)
I p1 ·(a1 × ∂1)
]
δ1
+ 16π
[
−1
8
φ
(1)
I m2
(
1−
̂1
2
(a2 ·∂2)2
)
− 5
16
φ
(1)
I p2 ·(a2 × ∂2)
]
δ2
≃ 16π
4
p2 ·(a2 × ∂2)
1
r2
(
−1 +
̂1
2
(a1 ·∂1)2
)
m1δ1 +
16π
4
p1 ·(a1 × ∂1)
1
r1
(
−1 +
̂1
2
(a2 ·∂2)2
)
m2δ2
+ 16π
5
4
p1 ·(a1 × ∂1) δ1
(
−1 +
̂1
2
(a2 ·∂2)2
)
m2
r2
+ 16π
5
4
p2 ·(a2 × ∂2) δ2
(
−1 +
̂1
2
(a1 ·∂1)2
)
m1
r1
,
(142)
giving rise to a Hamiltonian
H
(b)
SO = −
1
16π
∫
∆φIId
3x
≃ 1
4
p2 ·(a2 × ∂2)
(
−1 +
̂1
2
(a1 ·∂1)2
)
m1
r12
+
1
4
p1 ·(a1 × ∂1)
(
−1 +
̂1
2
(a2 ·∂2)2
)
m2
r12
+
5
4
p1 ·(a1 × ∂1)
(
−1 +
̂1
2
(a2 ·∂2)2
)
m2
r12
+
5
4
p2 ·(a2 × ∂2)
(
−1 +
̂1
2
(a1 ·∂1)2
)
m1
r12
=
3
2
p2 ·(a2 × ∂2)
(
−1 +
̂1
2
(a1 ·∂1)2
)
m1
r12
+
3
2
p1 ·(a1 × ∂1)
(
−1 +
̂1
2
(a2 ·∂2)2
)
m2
r12
=
3
2
m2
m1
[
p1 ·(S1 × n12)
r212
+
1
2
(
3a22 p1 ·(S1 × n12)
r412
+
6(a2 ·n12)p1 ·(S1 × a2)
r412
− 15(a2 ·n12)
2 p1 ·(S1 × n12)
r412
)]
− 3
2
m1
m2
[
p2 ·(S2 × n12)
r212
+
1
2
(
3a21 p2 ·(S2 × n12)
r412
+
6(a1 ·n12)p2 ·(S2 × a1)
r412
− 15(a1 ·n12)
2 p2 ·(S2 × n12)
r412
)]
.
(143)
Finally the extended spin-orbit Hamiltonian reads, cf., e.g. [21, 22],
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H
(a)
SO +H
(b)
SO = S1 ·(n12 × p2)
(
− 2
r212
− a
2
1
r412
+
5(a1 ·n12)2
r412
)
+
3
2
m2
m1
S1 · (n12 × p1)
r212
+
3
4
m2
m1
(
3a22 S1 ·(n12 × p1)
r412
+
6(a2 ·n12)S1 ·(a2 × p1)
r412
− 15(a2 ·n12)
2 S1 ·(n12 × p1)
r412
)
+ S2 ·(n12 × p1)
(
2
r212
+
a22
r412
− 5(a2 ·n12)
2
r412
)
− 3
2
m1
m2
S2 · (n12 × p2)
r212
− 3
4
m1
m2
(
3a21 S2 ·(n12 × p2)
r412
+
6(a1 ·n12)S2 ·(a1 × p2)
r412
− 15(a1 ·n12)
2 S2 ·(n12 × p2)
r412
)
.
(144)
We state that the total angular momentum J = L + S1 + S2, with spin vectors Sa = maa (a = 1, 2) and orbital
angular momentum L =
∑
a xa × pa, is conserved in time,
dJ
dt
= {J , H} = 0 , (145)
where H = HS1p2 +HS1p1 +HS2p1 +HS2p2 +HS1S2 +HS21 +HS22 +HS31p2 +HS32p1 +HS21S2p2 +HS22S1p1 +HS21S22 +
HS1S32 +HS2S31 , by making use of the standard Poisson brackets{
xia, pbj
}
= δijδab , {Sai, Sbj} = ǫijkSakδab , and zero otherwise . (146)
Also conserved are the absolute values of the spin vectors, i.e. S2a = const. This is consistent with results from
the literature [24, 25], where it is shown that the tidal friction enters on the spin-interaction-separation scaling of
(1/r12)
6 only. It is also consistent with Ref. [26] where tidal deformations for black holes are identified to occur at
5th post-Newtonian order for the first time, whereas our developments do not exceed the 4th post-Newtonian level.
Obviously, our gravitating mass parameters ma do not change in relation to the irreducible mass parameters Ma as
given by m2a = M
2
a + S
2
a/4M
2
a , see [27].
VI. CONCLUSIONS
In this paper several new interaction Hamiltonians for spinning binary black holes have been derived, HS2
2
S1p1 +
HS3
2
p1 + HS31p2 + HS21S2p2 , HS21S22 , HS1S32 + HS2S31 . These Hamiltonians generalize the previously known ones,
HS1p1 + HS2p1 + HS1p2 + HS2p2 , HS1S2 , HS21 + HS22 , through further nonlinear terms in the spins. If the spins
are counted of the order (1/c)0, the new Hamiltonains are of the order 1/c2 higher compared with the previ-
ously known ones. Other Hamiltonians which are of the same higher order in 1/c, i.e. 1/c4, read HS1p2(p2+G) +
HS2p1(p2+G), HS1S2(p2+G), HS21(p2+G) + HS22(p2+G), HS21S2p1 + HS22S1p2 , Hp1S31 + Hp2S32 , HS41 + HS42 . The Hamil-
tonian HS1p2(p2+G) + HS2p1(p2+G) has recently been found by Damour, Jaranowski, and Scha¨fer [28], the Hamil-
tonian HS1S2(p2+G) may possibly result from a recent paper by Porto and Rothstein, [29]. The Hamiltonians
HS2
1
(p2+G) + HS2
2
(p2+G), HS2
1
S2p1 + HS22S1p2 , Hp1S31 + Hp2S32 and HS41 + HS42 are still unknown. In forthcoming
papers, expressions for all the mentioned Hamiltonians are expected to be presented as well as applications of them
within the context of gravitational wave astronomy.
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Appendix A: Coordinate transformation
We start with an infinitesimal coordinate transformation with translation vectors ξi, e.g. [30],
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xα(x′β) = x′α + ξα(x′β) , (A1)
whereby xα are the old coordinates and x′α are the new ones the metric tensor is expressed in. The general transfor-
mation formula together with Taylor expansion leaves us with an expanded transformation formula
g′µν(x
′α) = gαβ(x
σ)
∂xα
∂x′µ
∂xβ
∂x′ν
= gαβ(x
σ)
(
δαµ + ξ
α
, µ
) (
δβν + ξ
β
, ν
)
=
(
gαβ(x
′σ) + gαβ, λ(x
′σ)ξλ + . . .
) (
δαµδ
β
ν + δ
β
ν ξ
α
, µ + δ
α
µξ
β
, ν + ξ
α
, µ ξ
β
, ν
)
= gµν + gµν, λ ξ
λ + gαν ξ
α
, µ + gβµ ξ
β
, ν + gαβ ξ
α
, µ ξ
β
, ν + . . . .
(A2)
Under the assumption that the metric tensor is stationary we specialize this formula for the components:
γij = gij
g′00 = g00 + g00, i ξ
i + . . . (A3)
g′0i = g0i + g0i, jξ
j + gα0ξ
α
, i + . . . (A4)
γ′ij = γij + γkiξ
k
, j + γkjξ
k
, i + γij, kξ
k + γklξ
k
, iξ
l
, j
+g0iξ
0
, j + g0jξ
0
, i + g00ξ
0
, iξ
0
, j + g0kξ
0
, iξ
k
, j + g0kξ
k
, iξ
0
, j + . . . (A5)
Appendix B: Useful Formulas
From the Ref. [31] we take the formula
∆(rλnˆL) = (λ− l)(λ+ l+ 1)rλ−2nˆL (∀λ ∈ C !) (B1)
with radial distance r and the short-cut notation nˆL := ̂ni1 . . . nil , whereby n
i = xi/r is the normal unit vector and
the hat indicates tracefreeness according to formulas
nˆL =
[l/2]∑
k=0
(−)k (2l − 2k − 1)!!
(2l− 1)!! δ{i1i2 . . . δi2k−1i2kni2k+1...il} , (B2)
nL =
[l/2]∑
k=0
(−)k (2l − 4k + 1)!!
(2l − 2k + 1)!!δ{i1i2 . . . δi2k−1i2k nˆi2k+1...il} , (B3)
where A{i1...il} is the non-weighted sum
∑
σ∈S Aiσ1 ...iσl with S as the smallest set of permutations (1 . . . l) that fully
symmetrizes A{i1...il} in i1 . . . il.
Inverting (B1) leads to the very useful formula
∆−1
(
rλnˆL
)
=
rλ+2nˆL
(λ+ 2− l)(λ+ 3 + l) . (B4)
Appendix C: TT-part of Kerr 3-metric in the leading order
We make an ansatz for the 3-metric that is to be TT-gauged (b, c, d, e, f, g being constants)
γij = b
m2a2
rα
δij + c
m2(a·n)2
rα
δij + d
m2a2ninj
rα
+ e
m2(a·n)2ninj
rα
+ 2f
m2(a·n)a(inj)
rα
+ g
m2aiaj
rα
. (C1)
An infinitesimal coordinate transformation is given by
γ′ij = γij + ξi, j + ξj, i (C2)
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with ξi being set as
ξi = A
m2a2ni
rα−1
+B
m2(a·n)2ni
rα−1
+ C
m2(a·n)ai
rα−1
, (C3)
where A, B, C denote constants.
The transformed metric then becomes
γ′ij = (b+ 2A)
m2a2
rα
δij + (c+ 2B)
m2(a·n)2
rα
δij + (d− 2αA)m
2a2ninj
rα
+ (e− 2(α+ 2)B)m
2(a·n)2ninj
rα
+ (2f + 4B − 2αC)m
2(a·n)a(inj)
rα
+ (g + 2C)
m2aiaj
rα
.
(C4)
The coefficients will be chosen so that γ′ij gets TT-gauged. Therefore, we use the condition
hTTij, i =
(
γ′ij −
1
3
γ′kkδij
)
, i
!
= 0 . (C5)
The coefficients then result in
A =
2d(α− 5)(α− 3)(α+ 2)− (α− 6)(2e+ (2 + α)(2f + gα))
4(α− 5)(α− 3)α(α + 2) , (C6)
B = − (2 + α)(2f + gα) + 2e(14 + α(α− 8))
4(α− 5)(α− 3)(α+ 2) , (C7)
C =
2e(6 + (α− 6)α) + (2 + α)(gα(2α − 9) + 2f(6 + (α− 6)α))
2(α− 5)(α− 3)α(2 + α) . (C8)
For α = 4 we find:
hTTij =
η
6
[
−m
2a2
r4
δij + 2
m2(a·n)2
r4
δij + 2
m2a2ninj
r4
− 6m
2(a·n)2ninj
r4
+
m2aiaj
r4
]
(C9)
with
η = e+ 6f + 12g . (C10)
Appendix D: Methods of regularizations
1. Partie finie regularization according to Hadamard
Let us consider f being a real function defined in an environment of the point x0 ∈ R3, except in this point where
f is singular. We define a family of complex-valued functions fn as follows:
fn : C ∋ ε 7→ fn(ε) := f(x0 + εn) ∈ C . (D1)
We expand fn in a Laurent-series around ε = 0:
fn(ε) =
∞∑
m=−N
am(n)ε
m . (D2)
The regularized value of f at x0 is defined as the coefficient at ε
0 in the expansion (D2) mean-valued over all unit
vectors n, [32–34],
freg(x0) :=
1
4π
∮
dΩ a0(n) . (D3)
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This formula can be used to calculate integrals with delta-distributions. We define∫
d3x f(x)δ(x− xa) := freg(xa) , (D4)
which provides us with a formula for calculating Poisson integrals of the form
∆−1
{∑
a
f(x)δa
}
= ∆−1
{∑
a
freg(x)δa
}
=
∑
a
freg(xa)∆
−1δa = − 1
4π
∑
a
freg(xa)
1
ra
. (D5)
Two examples shall clarify this.
(1) ∆−1
(
1
r
δ(x)
)
= − 1
4π
(
1
r
)reg
x=0
1
r
= 0 (D6)
because
f =
1
r
y fn = f(0 + εn) =
1
ε
 
(
1
r
)reg
x=0
= 0 ,
(2) ∆−1
(
1
r
∂i∂jδ(x)
)
= 0 .
To prove this relation we make use of the identity
1
r
∂i∂jδ(x) = ∂i∂j
(
1
r
δ(x)
)
− δ(x)∂i∂j 1
r
− ∂iδ(x)∂j 1
r
− ∂jδ(x)∂i 1
r
,
∂iδ(x)∂j
1
r
= ∂i
(
δ(x)∂j
1
r
)
− δ(x)∂i∂j 1
r
,
→֒ 1
r
∂i∂jδ(x) = ∂i∂j
(
1
r
δ(x)
)
+ δ(x)∂i∂j
1
r
− ∂i
(
δ(x)∂j
1
r
)
− ∂j
(
δ(x)∂i
1
r
)
,
and conclude
∆−1
(
1
r
∂i∂jδ(x)
)
= ∂i∂j∆
−1
(
1
r
δ(x)
)
+∆−1
(
δ(x)∂i∂j
1
r
)
− ∂i∆−1
(
δ(x)∂j
1
r
)
− ∂j∆−1
(
δ(x)∂i
1
r
)
(D6)
= ∂i
1
4π
(nj
r2
)reg
x=0
1
r
+ ∂j
1
4π
(ni
r2
)reg
x=0
1
r
− 1
4π
(
ninj − δij
r3
)reg
x=0
= 0 ,
(D7)
because of absence of an ε0-coefficient.
2. Riesz’s formula
From the Ref. [35] we adapt the famous formula
[∫
d3x rα1 r
β
2
]
reg
:= π3/2
Γ
(
α+3
2
)
Γ
(
β+3
2
)
Γ
(
−α+β+32
)
Γ
(−α2 )Γ(−β2)Γ(α+β+62 ) r
α+β+3
12 , (D8)
e.g., [∫
d3x
1
rarb
]
reg
= −2πrab . (D9)
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